We investigate the ground-state magnetic order of the spin-1/2 J 1 -J 2 Heisenberg model on the square lattice with ferromagnetic nearest-neighbor exchange J 1 < 0 and frustrating antiferromagnetic next-nearest neighbor exchange J 2 > 0. We use the coupled-cluster method to high orders of approximation and Lanczos exact diagonalization of finite lattices of up to N = 40 sites in order to calculate the ground-state energy, the spin-spin correlation functions, and the magnetic order parameter. We find that the transition point at which the ferromagnetic ground state disappears is given by J c1 2 = 0.393|J 1 | (exact diagonalization) and J c1 2 = 0.394|J 1 | (coupled-cluster method). We compare our results for ferromagnetic J 1 with established results for the spin-1/2 J 1 -J 2 Heisenberg model with antiferromagnetic J 1 . We find that both models (i.e., ferro-and antiferromagnetic J 1 ) behave similarly for large J 2 , although significant differences between them are observed for J 2 /|J 1 | 0.6. Although the semiclassical collinear magnetic long-range order breaks down at J c2 2 ≈ 0.6J 1 for antiferromagnetic J 1 , we do not find a similar breakdown of this kind of long-range order until J 2 ∼ 0.4|J 1 | for the model with ferromagnetic J 1 . Unlike the case for antiferromagnetic J 1 , if an intermediate disordered phase does occur between the phases exhibiting semiclassical collinear stripe order and ferromagnetic order for ferromagnetic J 1 then it is likely to be over a very small range below J 2 ∼ 0.4|J 1 |.
Introduction
The spin-1/2 Heisenberg antiferromagnet with nearest-neighbor (NN) J 1 and frustrating nextnearest-neighbor (NNN) J 2 coupling (J 1 -J 2 model) on the square lattice has attracted much at-tention during the last twenty years (see, e.g., Refs. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] and references therein). This model may serve as a canonical model to study the interplay of frustration effects and quantum fluctuations as well as quantum phase transitions driven by frustration.
The corresponding Hamiltonian reads
where the sums over i, j and i, j run over all NN and NNN pairs, respectively, counting each bond once. Recently, several quasi-two-dimensional magnetic materials with a ferromagnetic (FM) NN coupling J 1 < 0 and an antiferromagnetic (AFM) NNN coupling J 2 > 0 have been studied experimentally, e.g., Pb 2 VO(PO 4 ) 2 [21] [22] [23] [24] , (CuCl)LaNb 2 O 7 [25] , SrZnVO(PO 4 ) 2 [24, 26, 27] , and BaCdVO(PO 4 ) 2 [23, 26, 28] . Due to a quite large AFM coupling J 2 these materials are driven out of the FM phase. These experimental studies have stimulated a series of theoretical investigations of the ground state (GS) and thermodynamic properties of the FM J 1 -J 2 model, i.e. the model with FM NN exchange J 1 and frustrating AFM NNN exchange J 2 [29] [30] [31] [32] [33] [34] [35] [36] [37] . It was found that the FM GS for the spin-1/2 model breaks down at J 2 = J c1 2 ≈ 0.4|J 1 | [29-31, 34, 37, 38] . Note that for the classical model (s → ∞) the corresponding transition point is at J 2 = 0.5|J 1 |. Moreover, for sufficiently large J 2 > J c2 2 a magnetically long-range ordered collinear stripe GS appears. According to Refs. [30, 31, 35, 36] this second critical frustration strength is J reported in the literature, are similar to the observation for the corresponding AFM model, i.e. the model with AFM J 1 [1, 4, 6, 7, 9, [11] [12] [13] [15] [16] [17] [18] [19] [20] .
As we know from the investigation of the AFM J 1 -J 2 model the study of the GS phases in the strong frustration regime, i.e. J 2 ∼ 0.5J 1 , is one of the hardest problems in the field of frustrated quantum magnetism. In the meantime, scores of papers have dealt with this problem. On the other hand, for the FM J 1 -J 2 model so far only a few studies exist. Hence, further investigations using alternative approaches are highly desirable to confirm or to query the existing results.
Due to frustration, highly efficient quantum Monte-Carlo codes, such as the stochastic series expansion suffer from the minus sign problem. Therefore, many other approximate methods, e.g. the Green's function method [10, 13, 37] , the series expansion [11, 12, 17] , the Schwinger boson approach [7] , variational techniques [9] , the functional renormalization group technique [20] as well as the projected entangled pair states method [18] were used to study the GS phases of the model with AFM J 1 .
In the present paper we calculate the GS energy, spin-spin correlation functions, and the magnetic order parameter of the collinear stripe order using two completely different methods, namely a large-scale exact diagonalization (ED) of finite lattices up to N = 40 sites (see Sec. 2) and the coupled-cluster method (CCM) (see Sec. 3). Both methods have been successfully applied to the AFM J 1 -J 2 model, see e.g. Refs. [2] [3] [4] [5] [6] 19] for the ED method and Refs. [8, [13] [14] [15] [16] for the CCM.
Henceforth we set |J 1 | = 1 if not stated otherwise explicitly.
Results of Lanczos exact diagonalization for finite square lattices
The paper of Schulz and co-workers [4] , presenting results for finite lattices up to N = 36 sites for the first time has set a benchmark for ED studies of quantum Heisenberg magnets. Frequently, such numerical exact results are also used to test new approximate methods, see, e.g. Refs. [16, 39, 40] . Due to the progress in the computer hardware and the increased efficiency in programming, very recently the GS and low-lying excitations of the unfrustrated (i.e., J 2 = 0) [41] as well as the frustrated spin-1/2 HAFM [19] and of a spin-1/2 Heisenberg model with ring exchange [42] have been calculated by the Lanczos algorithm for a square lattice with N = 40 sites. The largest two-dimensional quantum spin model for which the GS has been calculated so far is the spin-1/2 HAFM on the star lattice with N = 42 sites [43] . Note, however, that for sectors of S z > 0 which are relevant for finite magnetic fields much larger system sizes can be treated by ED, see, e.g., Ref. [44] .
In order to analyze GS magnetic ordering, the spin-spin correlation functions and an appropriate order parameter are important quantities. Following Schulz et al., [4] we use here the Q-dependent susceptibility (square of order parameter) defined as
The relevant order parameter for the collinear stripe magnetic LRO present at large J 2 is M 2 N (Q) at the magnetic wave vectors Q 1 = (π, 0) or Q 2 = (0, π). In Table 1 we give the singlet GS energies per site as well as the order parameters M 2 N (0, π) for finite lattices of N = 32, 36, and 40 sites. In a second Table 2 we present the spin-spin correlation functions s 0 · s R for the largest lattice considered. There are in total 11 different correlation functions for N = 40 that are given in Table 2 for the same data points as in Table 1 . Periodic boundary conditions are imposed for all of the lattices employed here. A graphical representation of the finite lattices can be found in Refs. [4] and [19] . The exact data, which is provided here in some detail in the tables, might be used as benchmark data for approximate methods applied to this model.
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The corresponding data for the energies, the square of order parameters and for some selected correlation functions are also displayed in more detail in Figs. 1, 2, and 3. By way of comparison, we also present corresponding curves for the AFM model (J 1 = +1) [19] . We recall that the GS Table 2 : Spin-spin correlation functions s 0 · s R for the J 1 -J 2 with J 1 = −1 model on the finite square lattice of N = 40 sites. is identical for the FM and the AFM model on the classical level for J 2 > 0.5. For the spin-1/2 model, due to quantum fluctuations, the two models behave differently. Only in the limit J 2 → ∞ the sign of J 1 becomes irrelevant for the quantum GS. Our numerical data for the GS energy, the order parameter, and the spin-spin correlation functions demonstrate that for J 2 0.8 the different models behave qualitatively very similarly. Note, however, that due the different sign in the NN exchange J 1 , also the NN spin-spin correlation s 0 · s R , R = (1, 0), has a different sign for the models. In the region 0.8 J 2 0.6 the differences between both models become more and more pronounced. For J 2 0.6 both models behave completely different. From many previous studies [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] we know that J 2 ≈ 0.6 is the point where for the AFM model the semiclassical collinear stripe LRO gives way for a magnetically disordered phase. It is obvious that at J 2 ≈ 0.6 the order parameter M 2 . The different behavior of both models can also be seen in the GS energy and the spin-spin correlation functions, cf. Figs. 1 and 3 . From Fig. 1 it is evident that the finite size-effects in the GS energy E 0 of the FM model are small. In fact, the difference in E 0 between N = 36 and N = 40 is less than 1% in the whole region shown in Fig. 1 . Hence, a finite-size extrapolation should give accurate results for the GS energy (see below). Following the lines of Refs. [4, 19] we use now the data for N = 20, 32, 36, 40 to perform a finite-size extrapolation. Note that we do not include the data for the lattice with N = 16 sites, since this lattice exhibits an anomalous behavior [4] . The finite-size extrapolation rules for the considered two-dimensional model are well known [45, 46] . The finite-size behavior of the GS energy is given by
The extrapolated energy e 0 is shown in Fig. 1 . We use the intersection point between the extrapolated singlet GS energy e 0 and the energy of the fully polarized FM GS to determine the transition point between both GS phases to J c1 2 = 0.393. The order parameter for the collinear stripe LRO in the thermodynamic limit is defined as [4, 19] 
However, it is evident from Fig. 2 that the finite-size behavior of M and extrapolated values in the limit n → ∞ using the extrapolation scheme e(n) = a 0 +a 1 (1/n) 2 + a 2 (1/n) 4 . For the sake of comparison we show also the extrapolated GS energy for the AFM model [16] . The blue line shows the energy of the FM eigenstate.
Results of the coupled-cluster method (CCM) for the infinite square lattice
For the sake of brevity, we will illustrate only some important aspects of the CCM. The interested reader can find more details concerning the application of the CCM on the AFM J 1 -J 2 in Refs. [8, [14] [15] [16] . For more general information on the methodology of the CCM, see, e.g., Refs. [47] [48] [49] . First we notice that the CCM approach automatically yields results in the thermodynamic limit N → ∞. The starting point for a CCM calculation is the choice of a normalized reference (or model) state |Φ . We then define a set of mutually commuting multispin creation operators C + I with respect to this state, which are themselves defined over a complete set of many-body configurations I. For the system under consideration here we choose one of the two degenerate classical collinear stripe states as the reference state. Next, we perform a rotation of the local axis of the spins such that all spins in the reference state align along the negative z axis. In the rotated coordinate frame the reference state reads |Φ = | ↓ | ↓ | ↓ . . . , and we can treat each site equivalently. The corresponding multispin creation operators then can be written as C 
We wish to determine the correlation coefficients S I andS I for the correlation operators S and S. By using the Schrödinger equation, H|Ψ = E|Ψ , we can write the GS energy as E = Φ|e −S He S |Φ . The magnetic order parameter is given by
where s z i is expressed in the rotated coordinate system and s = 1/2 is the spin quantum number. To find the ket-state and bra-state correlation coefficients we have to solve the so-called CCM ketand bra-state equations given by
Each ket-or bra-state equation belongs to a certain creation operator C
.e. it corresponds to a certain set (configuration) of lattice sites i, j, k, . . . .
For the considered quantum many-body model we have to use approximations in order to truncate the expansion of S andS. We use the well established LSUBn scheme [14] [15] [16] [47] [48] [49] [50] [51] in which all multispin correlations in the correlation operators S andS over all distinct locales on the lattice defined by n or fewer contiguous sites are taken into account. For instance, within the LSUB4 approximation, multispin creation operators of one, two, three or four spins distributed on arbitrary clusters of four contiguous lattice sites are included. The number of these fundamental configurations can be reduced by using lattice symmetry and conservation laws. In the highest order of approximation considered here, namely the LSUB10 approximation, we have finally 45825 fundamental configurations for the collinear stripe reference state, yielding 45825 coupled nonlinear equations which have to be solved numerically. The LSUBn approximation becomes exact for n → ∞, and so we can improve our results by extrapolating the "raw" LSUBn data to n → ∞. There is ample experience regarding how one should extrapolate the GS energy e 0 (n) and the magnetic order parameter m s (n). For the GS energy per spin e 0 (n) = a 0 + a 1 (1/n) 2 + a 2 (1/n) 4 is a reasonable well-tested extrapolation ansatz [13] [14] [15] [16] [48] [49] [50] [51] . An appropriate extrapolation rule for the magnetic order parameter is [14] [15] [16] . Moreover, we know from Refs. [14] [15] [16] that the lowest level of approximation called the LSUB2 approximation conforms poorly to these rules. Hence, as in previous calculations [14] [15] [16] , we exclude LSUB2 data from the extrapolations.
Note that starting from large J 2 the solution of the CCM-LSUB10 equations can be traced until J 2 = 0.402, only. For J 2 < 0.402 no CCM-LSUB10 solutions with respect to the collinear stripe reference state could be found. This could be related to the complexity of the set of 45825 coupled equations and the fact that the fully polarized FM state is a low-lying excitation very close to the true GS for J 2 ∼ 0.4. However, we cannot exclude the possibility that this problem might also be an indication that the collinear stripe order is not a good description for the true GS for J 2 values very close to the transition to the FM GS.
In Fig. 5 we show the GS energy per site for the LSUB6 and LSUB10 approximations, as well as the extrapolated GS energy (n → ∞). The numerical CCM-LSUBn data demonstrate, that the difference between the various LSUBn data is very small (see Fig. 5 ). As a result, the extrapolated GS energy almost coincides with LSUB10 data (in fact, the difference is less than 0.4%). Moreover, the difference between the extrapolated CCM energy and the finite-size extrapolated ED energy is less than 1% in the whole parameter region. Hence, we conclude that the GS energy data presented in this paper for the FM J 1 -J 2 model are very accurate. We again use the intersection 
By way of comparison we show also the extrapolated collinear stripe order parameter (n → ∞) for the AFM model (J 1 = +1).
point of the energies in order to find an estimate for the transition point J c1 2 to the FM GS. We find that J c1 2 = 0.395 for the LSUB6 approximation and this is shown in Fig. 5 . We find also that J We also compare the GS energies for the FM and the AFM models in Fig. 5 . As for the ED method, the deviation in energies between the two models (i.e., negative and positive J 1 ) becomes substantial at around J 2 = 0.6.
We also present the CCM results for spin-spin correlation functions for the FM as well as the AFM model in Fig. 6 , where we have shown the same correlation functions as in Fig. 3 . Recall that one of the two degenerate collinear stripe states has to be chosen as CCM reference state. As a result the NN correlation functions s 0 · s R , R = (1, 0), and s 0 · s R , R = (0, 1), are different, whereas, e.g., all NNN correlation functions are the same. Hence, we show in Fig. 6 the averaged NN correlation function. For the FM model the agreement of the CCM correlation functions with the ED data is excellent, see Figs. 3 and 6. For the AFM model there is a noticable difference for J 2 < 0.59. In particular, the steep decrease in the correlation functions at J 2 = 0.59 present in the ED data for the AFM model, cf. Ref. [19] , is not observed in the CCM LSUB6 data. For J 2 < 0.59 most likely no magnetic LRO exists for the AFM model [16] . Therefore it is not surprising that the CCM solution in a finite order of LSUBn approximation based on the collinear stripe reference state does not povide quantitatively precise results for the correlation functions inside the magnetically disordered phase.
Last but not least, we present results for the collinear stripe order parameter m s calculated by the CCM via Eq. (6) in Fig. 7 . For the order parameter, the CCM-LSUBn results depend on the approximation level n more strongly than for the GS energy. Hence, it is more important to extrapolate them in the limit n → ∞. By comparing the correlation functions and the order parameter of the FM model with the AFM model, it is again obvious that both models behave similarly for larger J 2 . However, there are significant differences for J 2 0.6 between both models. Although the CCM result for the AFM model clearly shows the breakdown of the semiclassical collinear magnetic LRO around J 2 = 0.6 (the CCM estimate for the critical frustration is J c2 2 ≈ 0.59 [16] ), the spin-spin correlation functions and the order parameter for the FM model stay almost constant over the whole parameter region shown in Fig. 7 . Again, we obtain good agreement of the order parameter between the ED data and the CCM data in a wide parameter range, cf. Figs. 4 and 7 . Finally, we come to a similar conclusion as in Sec. 2 that we do not find an indication for the breakdown of the collinear stripe magnetic LRO until J 2 ∼ 0.4 for the FM model.
Summary
In this paper we have presented results on the GS magnetic ordering of the J 1 -J 2 spin-1/2 Heisenberg magnet with FM NN exchange J 1 = −1 on the square lattice obtained by Lanczos ED as well as the CCM. In agreement with previous studies [29-31, 34, 37, 38] we obtain values for the transition point J c1 2 at which the fully polarized FM GS (present for small J 2 ) breaks down, J In contrast to previous studies [29] [30] [31] 34] we do not find indications for the breakdown of the semiclassical collinear magnetic LRO (present for large J 2 ) at about J 2 = 0.6|J 1 |, rather this magnetic LRO seems to be stable till J 2 ∼ 0.4|J 1 |.
Although our results are in favour of semiclassical magnetic GS long-range order for a wide range of frustrating exchange J 2 , the low-lying excitations and, as a consequence, the low-temperature thermodynamics might be strongly influenced by frustration. This becomes increasingly important when approaching the transition to the FM GS at J c1 2 ≈ 0.4|J 1 |, see e.g. Ref. [37] . For J 2 J c1 2 the FM multiplet becomes a low-lying excitation, and so an additional low-energy scale will appear leading, e.g., to an extra low-temperature peak in the specific heat, see, e.g., Refs. [29, 52, 53] .
Stimulated by the recent experimental activities and the related search for new square-lattice materials near the quantum critical point of the J 1 -J 2 model, the issue of low-lying excitations and their relevance for the thermodynamic properties should be investigated in future studies in more detail.
